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Introduction

A polgnomial

7
(L) = o g+ooc + - ta_ x € IR(x)

with nonnegative coefficients s

satd to be

e symmetric, with center of

symmetry /2, 1f o =oao, . for

O<iL€n
e uniumodal (f
> 2>
Oo € 9y € €a 20,,.,2 A

for some 0<k<smn



e y-posSitive, with center of SYm -

metry n/2, if

/2

n—24
f(x) = E 61"‘ (1+20)

for some ¥Yo.¥1. - -, sy =0

e yeol-rooted if §(x)=0, or all

complex roots of f(x) are real.



Example

Y(xX) = 4+2b6x+66x +26x +x

IS symmetric and unimodal,

X5~ Positive‘ simce

2
£(x) = (4+ac)q+ Q9 x (4+xx) + 46x9:

and real—-rooted.



Note

o reol-rootedness = unitmodality

symmetry and

reol-rootedness

"
— T

1

—

G

= ¥ - positi vity

N u symmetry and

r.i . .
| unimodality.



Example

we let

(n] = {1,2,....n}

@ﬂ = group of permutations

of Cnl
b = set of permutations weG
LL n

without fixed points

and for weGn

des(w) =#H{i1em17: wL)> w+1)}

exc(w) =#H{ren-13: wW)> i}

be the number of descents oand
excedances of w, respectively.



(o) The ‘nth Euleriamn polgnomio‘l

Z destu)l exc(w)
x X

weE Gn w e C-Bn

(::c)

1S

* symmetric, with center of sym-
metry (M-1)/2
*» 5-positive (Foata-Schutzenber

ger 1970)

e real-rooted (Frobenius 1910).



0w
)+,

2
3

’

A +26 + 669(gl + 9.613+

1+Hx+HxQ+ X

4)
A4+

(A+20) + 9,

-,

(4+oc)3 + 81(4+x),

| (+20) 4+ QQx(Hx)QHfJIQ,

1’4
]



(b) The mt" era'ngement polyno-

mioal

IS
* Symmetric, with center of sym-

metry m/2, and unimodal (Bre-

ntc 1990, Stembn’dae 1999 )

o 6—positive (severol authors)

* reol-rooted (Zhomg 1995, Hag-
lund—?hang 2019 , Bronden - Solus
2091,



e

C

)

d (x) = 4 CX‘.‘xg;
M

a(f?lxq+ aca,
Y

0,
K

)

xX(1+20)
Q

]

x(4+3€)9+ 5x

b x(1+oc)3+ 18x(4+x),

- 2C + Q1x9'+9113+1‘



How con one 8ener‘atize Y £0C)

?
and dn(ac) .



Foce enumeration of simplicial

COmplexes

et
A = simplicial complex of
dimension n-1
f.(A) = # k-dimensional faces

of A.



Defimtion. The f,h- polynomials
of A are defined as

T
$08,%) = D Fp (A &
K=0
M
h(8,2) = 2 i (A) xR (-2 8
K=0

7 X
(1-x) (A, ——
$08, =)

Note . h(A,") = fn_'(A)



Example.

fol(A) =8, §,(A) =45, f5(A) = 8

o £(D, ) = 4+8x +15a>+ 8o

s h(A,x) = 41-2)° + 8 (4-x)2 +
15T (1-x) + 8o

A +53+Qa>

i



Example. We let

V = n-element set
V .
9 = obstroact Snmplex on the

vertex set V

A = first barycentric subduve-

sion of 9",

=34 N= 4

Then, h(Aa ,x) = A (X).



We let

\/ n-element set
-

triangulati on of 9.V

—

F restriction of I on Fe?.\,/

[}

Definition (Stanley 1992). The lo-

cal h—polynomial of I' (with re-

Sspect to V) is defined as

n-1F|
(i'x) E (4) h(i‘ , X))
FCvV



Exocmple.

r

@ Q(Fv,x) = (4+51+Qx(2)— (14+2x) —

(A +x)—1+14 +4 +1) -
Q

I

Qx +29x



Theorem (Stanley 1992), For every
triangulation N of o pure simpli-

cial complex A

N (&, X) =2 0 (A ,x) h(lUnk (F),x)
o FCOF A



Theorem (Stonley 1992). The poly -

nomial ev(l",:x)

°* (S symmetric, with center of

Symmetry wmrs2, for every trian-

8uloutioﬂ I' of the simplex 9.\{

* has nonnegative coeffiaents for
every triangulation I' of the
simplex 9.\{

* (5 untmodal for every reguloy

triangulation T of the simplex

qV,



Conjecture (A,2012 ). The polyno-
mial e(r ,x) is y- posittive for eve-

ry ,(lag triang‘ulation I of 9_\/,



Example. 1f

1

\/ n-element set

>
(|

first barycentric subduve-

sion of 2V

.:?é.\ ..| | I‘%
>\ i
then
n
n-kK
n
s (M x) = > = (D) A o
K=0

_ exc(w)

= x = d_(x).
weDn



In par‘ticular,

2

@Qv(l_,’l)

M:s

1
o]




Combimatorial 'mterpre-tations of

¢, (rax) have been found for

y
r-fold edaewise intervall
subdwvision trianaulatiorus

r-colored baryce- antiprism
nNtnc subduvi- tn’anaulations
SIoNS



For immstance:

proposition (A- Kubitzke - 8c"‘uﬂﬁﬂ§<ﬁ
9092) For the antiprism trianau—
lation T of the (m-4)-dimensio-

nal simplex QV

K n
(x< ] ¢, ,x) = (K) #{weD, _ : Exc(w)

=(kl}
for 0¢kg¢mn, where
Exc(w) = {item-17: w)>i}

jor weG, .



(K) th
Notation. Let sd (A) be the k

barycentmec subduvision of o com-

plex A .

Question (A 2046) Find a combina

torial mterpretation of

e (sd¥(2"), x)

Is this polynomial real-rooted?



)

Ly (sd(Q)(QV), )

O

3

)

b

i

13 x +43 :xg',

F5x +303x"+ 352



(0

\Z)

Q) v
Note , Sett'mg sd (2) = sa_
for HV=m,

()

: QV(Sdm LX) =

n K

n- (Q)
= > 1) (1,:)h(de.x)

K=0
()

@ (sd , 1) =



= ¥ (ulv)eanGn: u and u
have no common fixed

point,
For n=0,4,92, . these oare the nu
mbers

4,0,3,26,453, 14844, 439975,

and ore studied m

Ch. A Charalambides CEnumerot—
tive Combinatorics, Chapmon &
Hall /CRC , 2002, p. 187 Exercise
13 () .



O
1

nk=H®lweld,  exclw) =k}

_ exc(w
d’”.“d(x) = > . ( .)

we G‘nﬂ r Fix(w) e (m+1-k])

-1
W 4)=y+A



Theorem (A 2024 +), ()

e (59", x) = > (M)D 4

N-K\, NK ..
Kt+y)<n ) .

where n=|Vvl, Equivalently, the co-
efficient of x' in Qv(Sd(Z)(QV)‘:x)

equals the number of

Fix(v)e (n-fix(u)+1]

(u,v) e an Gn-H: % ‘U_‘“) = eXc(u)

exc(v) = .

(b) ev(sd‘K)(QV),x) IS real-rooted

Jor all mn, k.



Thank you for your attention
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