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Preliminaries

g-Preliminaries, 0 < g <1 J

@ g-Shifted factorial or g-Pochhammer symbol:

n

(@ q)n=[[(1—ag™) (a1, mi Q)n = (01:@)n- - (Cmi @)n, (2 @)o = 1
i=1

@ General g-shifted factorial: (c; ¢)oo = [[io; (1 — ag'™?t)

g-Number: [x]; = %

g-Factorial of x of order k: [x]x,q = [x]g[x —1]g- - [x —k+1]q, k=1,2,...

g-Factorial of k: [k]g! = [1]q[2]q- - [K]q, kK =1,2,...
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Preliminaries

@ g-Binomial coefficient

<”> S C ) LR VX A
k)o (@a)(q@)n—k  [Klg!
@ Basic hypergeometric series or g-hypergeometric series

> . k
a1y, st (a1,...,3s41; 9k 2
1 q.z| =
o ¢S< b by | > kz_% (br,....bsi @)k (q:9)«

@ g-Binomial formula
n n . n _n
H(1+ tg' ') = q(2) <k> th = 1¢>0< q_ |q;—qnt>
i=1 k=0 q

@ Small g-exponential function

o) 0 k
eq(t) =[[1-t(1—q)g 't)" = [kt] - = 160 ( % lga- q)f>
k=0 t7-9°

i=1

Malvina Vamvakari On Multivariate Discrete g-Distributions  International Conference on Combinatorial M



Preliminaries

g-Binomial Distribution of the 1% kind ]

A. Kemp and C. Kemp (1991) defined a g-analogue of the binomial distri-
bution with probability function in the form

fc(x) = ()’Z) q(2)ox ﬁ(1+9qj_1)_1, x=0,1,...,n,
q j=1

where 0 >0, 0 < g < 1.

Heine distribution )

A. Kemp and C. Newton (1990) showed that the limit of the pf. of the
g-Binomial distribution of the 15t kind, as n — oo, is the pf. of the Heine
distribution

lim <”> () f[(l +og ) = eq(—A)q(;))\X x=0,1,...,
X q :

n— oo .
J=1

for0 < A<ooand 0 < g <1 withA=60/(1-q)
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Preliminaries

Basic Hypergeometric Series )

A. Kemp introduced and studied various forms of discrete g-distributions
associated with basic hypegeometric series

Interpetation J

A. Kemp derived discrete g-distributions as stationary distributions of birth
and death processes.
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Preliminaries

Univariate Discrete g-Distributions (Charalambides, 2016) )

Univariate discrete g-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with success probability varying
geometrically, with rate g, either with the number of previous trials or with
the number of previous successes or both with the number of previous trials
and successes.
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Preliminaries

Association with basic orthogonal polynomials (A.Kyriakoussis & M.V.,
2010, 2012)

Non Terminating o
¢-Gauss Terminating
(Inverses: 4-Gauss .
g-Hypergeometric, (AT,
Negative REEIHR X Big Mo
q ic) q g-Jacobi | | 4-Hahn
Negative g-Binomial Negatiye ¢-Binomial T Affine
-Bi ial £ -Bi i " ittle
Ut T;Il;lell;la Type 1 q- '?;::';Illal Type II g-Meixner g-Krawtchouk g-Jacobi g-Krawtchouk
Little
Heine Euler g-Charlier g-Laguerre/
Wall
(a) Discrete g-Distributions (b) Basic Orthogonal Polynomials
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Preliminaries

Asymptotic Normality and Classical Asymptotic Methods Do not Hold for
Discrete g-Distributions J

@ Discrete g-distributions have finite mean and variance when n — oo

@ Asymptotic normality does not hold

@ Asymptotic methods—classical central or/and local limit theorems—
as in Bender (1973), Canfield (1977), Flajolet and Soria (1990),
Odlyzko (1995) et al. can not be applied

@ What is the asymptotic behaviour for n — oo of the discrete
g-distributions?
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Preliminaries

Asymptotic Behaviour (Kyriakoussis & M.V., 2013, 2017, 2019, M.V. 2022, 2024)J

Inverses:

Negative

q-Hypergeometric

q-Hypergeometric

L

Negative
g-Binomial
1% kind

\

g-Hypergeometric

Negative
g-Hypergeometric

g-Binomial Ne.gntlv.e
1 kind g-Binomial
2" kind
Euler

g-Binomial
2" kind
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Preliminaries

Stieltjes-Wigert Distribution J

The continuous Stieltjes—Wigert distribution has probability density function

1/8 (Ic:gw)2
V\?VW(W) = q—e 2logq 5 w > O,

V2rlogg=lw

with mean value °" = g~! and standard deviation %W = ¢—3/2(1—q)'/2.
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Preliminaries

Stieltjes-Wigert Distribution as Limiting Distribution of Univariate Discrete
g-Distributions (K&M.V., 2013, 2019) J

Transformation )

From the r.v. X of the g-Binomial distribution of the 1st kind to the equal-
distributed deformed rv. ¥ =[X]yq=(1—q %)/ (1-q71).

g-Mean, g-Variance )
0
pe = E ([Xl]l/q) = [”]an
(Uq)z =V ([Xl]l/q)
_ 2
- 2 q[”]<27 1 f 2
q (1+6g"1)2(1+ 619"2)
[ 0
(1 +0g"1)(1+0g"2)
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Preliminaries

A Stieltjes-Wigert Distribution as Limiting Distribution of g-Binomial of
the 1st Kind

Theorem

Let & = 60,, forn = 0,1,2,..., such that 8, = q~“", a constant and
0 < g< 1. Then, for n — oo, the g-Binomial distribution of the first kind
is approximated by a deformed standardized Stieltjes—\Wigert distribution as
follows:

1%

i (%)

_ _18\ 1/2 ~1/2
g /8 log g~* / q_3/2(1 _ q)1/2 [XI1/q = 1q gt / g
oq(2m)t/2 \ g1 -1 ogq

1 —
cop [~ tog? (g32(1 — g2 Plva =Ha L)) g
2logq o
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Preliminaries

Stieltjes-Wigert Distribution as Limiting Distribution of Heine J

Remark

A similar asymptotic result holds for the p.f. of the Heine distribution when
A — 0.
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Preliminaries

Univariate Absorption Distribution (A. Kemp(1998), Charalambides (2012,J
2016))

Consider a sequence of independent geometric sequences of trials with prob-
ability of success at the jth geometric sequence of trials given by

pi=1—q 7% j=12...,[r], 0<r<oo, 0<qg<1,

which is a geometrically decreasing sequence of a finite number of terms.
Then the probability function of the number Y,, of successes in n indepen-
dent Bernoulli trials is given by

n
fyn(y) = P(Yn = y) = <y> q(n—}/)(r—y)(l _ Q)r[l’]%q, y = 0’ 1’ ...,n,
q

for 0<r<oo, 0<qg<1,and n<]|r]. This discrete g-distribution is
known as absorption distribution.
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Preliminaries

g-Mean, g-Variance )

Hg = E([Ylg) = (1 q)nlqlrle.

(0g)? = V(Y]
= (1= 9)’[nl2glrleq — (1= q)’[nlg[rlg + (1 = )lnlqlrlq-
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Preliminaries

Asymptotic Behaviour of Univariate Absorption Distribution (M.V., 2024) )

Theorem

Let g = q(n) with g(n) — 1, as n — oo, g(n)" = Q(1) and r = O(n).
Then, for n — oo, the univariate absorption distribution is approximated by
a deformed standardized Gaussian distribution as follows:

(log g~1)*/2

2
1-q (Wle—ny
f o ye _ 9 s > 0.

v
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Preliminaries

Sketch Proof

,Z:M

A
Oq

e ¢-Stirling type 0 < g < 1 (Kyriakoussis and M.V, 2013)

P ) WAL O

I7la! = (glogg™1)¥/2 T[4 (g7" = 1)¢/71) (1+0().
[nlg! = [1]g[2]q - - - [n — 1]g[n]q with [n]g = 11__2’7, n>1.

@ Pointwise convergence techniques applied to the probability function

v

Remark: Possible realizations of the sequence q := g(n)

q(n):l—%, a>0 or qg(n)=1—-1/expn.
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Preliminaries

Univariate g-Hypergeometric Distribution (A. Kemp (2005),
Charalambides (2012, 2016), Kyriakoussis & M.V.(2012)) J

Consider an urn containing r white balls and s black balls. Let W, be
the number of white balls drawn in n g-drawings in a g-hypergeometric
urn model, with the conditional probability of drawing a white ball at the
g-drawing, given that j — 1 white balls are drawn in the previous i — 1
g-drawings given by

[r—Jj+1] . . .
p;’j:m,_/:1,2,...,m|n{l,r},I:1,2,...,r—|—5.

The distribution of the random variable W, is called g-hypergeometric dis-
tribution, with parameters n, r,s and q and its p.f. is given by

n —w)(r—w) MNw,qlS]n—w,
fv,(Wn) = P(Wn = w) = <w> gl >[][r1[.1]q,
q n,q

forw=0,1,2,...,n, where 0 < g < 1, and r and_s are positive.integers,
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Preliminaries

g-Mean, g-Variance J

1= Bl - P

(0d)? = V(IWalg)
2
[n]2,4lr]2, q I [n]qlrlq B ([”]q[r]q> '

[r+sl2.q [r+slq [r+ slq
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Preliminaries

Asymptotic Behaviour of Univariate g-Hypergeometric Distribution J

Theorem

Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and r +s =
O(n). Then, for n — oo, the univariate q-Hypergeometric distribution is
approximated by a deformed standardized Gaussian distribution as follows:

2
(logg~)"/? 1—q ([wlg—ng
fw (w) = " - =

W)= Crana =y T 7| 2loga T\ of e
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Multivariate Discrete g-Distributions

Multivariate Discrete g-Distributions (Charalambides, 2021, 2022, 2023) ]

Multivariate discrete g-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with chain-composite successes,
where the odds of success of a certain kind at a trial is assumed to vary
geometrically, with rate g, with the number of previous trials or with the
number of previous successes or both with the number of previous trials and
successes.
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g-Multinomial Distribution of the 1st Kind (Charalambides, 2022) ]

@ X; : number of successes of a jth kind in a sequence of n independent
Bernoulli trials with chain composite failures, where the probability of
success of the jth kind at the ith trial is given by

qui—l

:14_97‘7’_1,0<0J<OO7J:1’2,’I:1’2”0<q<1
J

Pj.i

@ Joint probability function of the random vector X = (X1, Xa, ..., Xk)
is given by

f;(xl,XQ,...,Xk) = P(X1 :Xl,Xz :XQ,...,Xk :Xk)

B ( n )ﬁ QJXJq(XQJ)
X1y X2y - ooy Xk q Hrjisjil(l‘i‘ejqiil)

Jj=1 i=1

x;=0,1,2,...,n, with Zjllexjgn, sjzzjzlx,-, j=1,2,... k.

i
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Multivariate Discrete g-Distributions

Multiple Heine Distribution (Charalambides, 2021) ]

The discrete limit of the joint p.f. of the g-multinomial distribution of the
1st kind, as n — o0, is the joint p.f. of the multiple Heine distribution,

lim ( ! > ﬁ eij(z’) -
n=00 \X1, X2, .-, Xk / Hn_sj_1(1+9jqi_1)

j=11li=1

11 TN [Ta+x@-a9q™H7

[la! i=1

xi=0,1,2,..., )\j>0,0<q<1, )\jzaj/(l—q),j:1,2,...,k
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Multivariate Discrete g-Distributions

Multiple Heine Distribution J

Let X = (X1, Xz,...,Xk) be a random vector that follows the multiple
Heine distribution. Then the joint p.f. the multiple Heine distribution is
given by

k X xj
q )\ i—1\—
f)l(—l(X17X2"'-7 H H(1+)‘J(1_q)q 1) 17

Jl[XJ]q Pl

where Xj = 0,1,2,..., )\j > 0,0 < g < 1, )\j = 0j/(1—q), j =
1,2,... k k>2.
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Multivariate Discrete g-Distributions

g-Multinomial distribution of the 2nd kind (Charalambides, 2021) )

@ Y;: number of successes of a jth kind in a sequence of n independent
Bernoulli trials with chain composite failures, where the conditional
probability of success of the jth kind at any trial, given that j — 1
successes of the jth kind occur in the previous trials is given by

pii=1-0;¢gtj=12..i=12..0<60<10<qg<]l
@ Joint probability function of the random vector ) = (Y1, Ya,..., Yk):

(v, v, yk) = PYa=y1, Ya = yo, oo, Yie = k)

k
n . .
= [T¢7 1-6;71),
()’1:}’27~~7Yk>q L J L ( Jq )

yj=0,1,...,n, J’lexjgn, si=yJ 4y, 0<qg<1l.
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Multivariate Discrete g-Distributions

Multiple Euler Distribution (Charalambides, 2021) ]

The discrete limit of the joint p.f. of the g-multinomial distribution of the
2nd kind, as n — oo, is the joint p.f. of the multiple Euler distribution

k n—s;
n ) ]
l (9).0 1—6; i—1
nl—>n<10 (y1,}’2,-..,yk>qj1:! J H ( Jq )
=J[ - XN0-a)d ) [ J] 3
J=1 Yila:

yi=01,...,0<)<1/(1-q),0<qg<1,)\=6;/(1-q)j=12,...
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Multivariate Discrete g-Distributions

Multivariate Absorption Distribution ( M.V, 2020, Charalambides, 2022) J

@ Success probability at the jth kind for 1 < g < 00, g — g1
0<qg<l1, 0;=qm:

)

mj—/—f—l

pj,i:]-_q ) ,0<mj<OO,j:1,2,...,k, I:17237[mj]7

@ Joint probability function of the random vector Y = (Y1, Ya,..., Yk):

fy()/1a)/27---a}/k) = P(Yl =1, Y2 :y27"'aYk :yk)

k
= 5 1 (n=5)) (mj=y;) .
= q— ]_ —q J{m .
<y1a}/27'--7}/k)q E( ) [ J]yjq

. .
yj=0,1,2,...,n, jzlngn,sj:Z{-:ly,-,
0<mj<oo, 0<g<1,n<[m],j=12,... k.
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Multivariate Discrete g-Distributions

Multivariate g-Hypergeometric Distribution ( M.V., 2020, Charalambides, J
2022)

Consider an urn containing v balls, {b1, by, ..., b, }, of k+1 different ordered
colors, with vy distinct balls of color ¢;, {bs,_,+1,bs,_,+2,...,bs}, for | =
1,2,...,k+ 1, where sp =0, and

/
s=Y vi, forl=12... k+1,
i=1

with sxy1 = v. The first k colors, {c1,¢co,...,ck}, may be considered as
shades of white, and color {cx1} as black.
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Multivariate Discrete g-Distributions

Multivariate g-Hypergeometric Distribution )

W, : number of balls of color ¢; drawn in n g-drawings in a multiple g-
hypergeometric urn model, with the conditional probability of drawing a
ball of color ¢; at the ith g-drawing, given that j; — 1 white balls of color
¢/ and a total of colors ¢1,¢,...,¢/—1 are drawn in the previous i — 1
g-drawings:

(v —ji +1]q . .
() = "e 1o =12 ki=12...
e | |
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Multivariate Discrete g-Distributions

Multivariate g-Hypergeometric Distribution )

Joint probability function of a random vector W = (W4, Wa, ..., W) :

fw(Wl,WQ,...,Wk) = P(Wl = wi, W2 = W2,...,Wk = Wk)
) k+1y.
- ( n > a5 ) =1 Wil a
y Wik q

 \wi, we, ... [V]n.q

w; =0,1,2,...,n, j=0,1,2,..., k, with Zlenjgn, where

Wk:n—zjl-‘zlvw,y:zjlfillyj,O<q<1, and n <[y}, j=1,2,... k.
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Multivariate Discrete g-Distributions

Remark (M.V., 2020) J

@ The multivariate absorption distribution emerges as a conditional dis-
tribution of a Heine process at a finite sequence of g-points in a time
interval.

@ The multivariate g-hypergeometric distribution arises as a conditional
distribution of the multivariate absorption.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of g-Multinomial Distribution of the 1st kind J

Marginal probability function of Xj : g-Binomial of the 1st kind J

Marginal probability functions of X;, i =2,..., k, k > 2: Not g-Binomial
of the 1st kind

g-means and g-variances of random variables X;, i =2, ... .k, k > 2
cannot be found explicitly.

Distributions of the conditional r.vs
X2’X]_, )(3’()(17 XQ), oo ,Xk‘(Xl, ey kal): q—BinomiaIs

Conditional g-means, g-variances:

H[Xa]qI X1 F[Xa]q](X1,X2) 0+ + = s B[ X g (X1, , Xk—1) 0

2 2 2
I1XolqlX1? P[Xs]ql(X1,X2) 7 "+ 2 O Xilql (Xt e Xe—1)

v
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of g-Multinomial Distribution of the 1st kind J

Conditional means and variances of the deformed r.vs [Xj];/4 given X; =
Xiyoooy Xjic1=Xj—1, J = 2,...,k, k>2:

XLl = E (Xluyal(Xe, - X5-1))
0i
= [n—Sj_l]an
J[2><,-]1/q|(x1,...,xj_1) = V([Xlyql(X1s- .-, X-1))
_ 92
= 1 q[n - 5‘171]2 [P J s 12
q T(1+0;q"5171)2(1 + 0;q"5172)

b
(1+6;g" 527 1)(1 + 6;q"5272)’

+[n —sj-1lq
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Local Limit Theorems-Asymptotic Behaviour

Note J

Conditional g-means, P11 gl (Xt X 1) 3<j <k, k>3: g-regression
hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of g-Multinomial Distribution of the 1st kind J

A Multivariate Stieltjes-Wigert Distribution as a Limiting Distribution J

Theorem

Let 0; = 0;, = q4" with0 < a; < 1, j = 1,2,...,k constants and
0 < g < 1. Then, for n — oo, the g-multinomial distribution is approxi-
mated by a deformed multivariate standardized continuous Stieltjes-Wigert
distribution distribution as follows:
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Local Limit Theorems-Asymptotic Behaviour

_ _1\1/2
g 7/%(log g~ 1)V

~

q- Zﬁ:l Xj

B
fx (1, %, ...

—3/2 )1/2 [Xl]l/q H[Xil/q

O[Xil1/q

k
7Xk) = — k
<(27r)1/2(q b 1)1/2> 010 L2 Tl (X0, X 1)

—1/2
+ q_1>

’LL[XJ']I/ql(Xl,-..,XJ;

f[( / /[X']/i
—32 )12 yil/q

=2 X1 /ql (X, Xj—1)

~1/2
1) n q_1>

’U/[Xl]l/q

3/2

1
P 2logq

<|0g2 ((1 —q)/2 Palyq —
q

U[Xl]l/q

X1 /g1 (X050, X5-1)

<))

k
1 2 [((L=9)"* xli/g —
P { 2logq ; o8 ( g/

O’[Xj]l/q‘(le'“?Xjfl)

X >0j=12. .. kk>2

+ q‘1> :

(1)

v
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Local Limit Theorems-Asymptotic Behaviour

Sketch Proof

[Xal1/q—mx
o Zl = 7‘7 L I]I/q

91X1lq

X1 q=Hix1y o ((Xgae X 1) .
8 e Y =0k, k>3
O1Xjl1 gl (X150 X 1)

e g-Stirling type 0 < g<1

on:

@ Pointwise convergence techniques applied to the joint probability
function
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Local Limit Theorems-Asymptotic Behaviour

Remark: Asymptotic Behaviour of Multiple Heine Distribution J

For A\j — o0, j=1,2,..., k, the multiple Heine distribution is
approximated by a deformed multivariate standardized continuous
Stieltjes-Wigert distribution distribution as follows:

_ SN2 N K sk

£ (x1, %0 Xk) g "/8(log q 1)/ g~ 2%
X 3 X250 ey (27-‘-)1/2(q—1 _ 1)1/2 ijfl U[X-]l/
= jl1/q

k —1/2
11 <q—s/z(l VALV IV q—1>
j=1 O’[lel/q
: log? (1= q)*/2 Xili/q — Bix,
R Y > lo 32 ,
ogq q T1Xl1/q

)(1207./:1771(7/(227

_ . — ). 2 _ . — .1 .

Mg = E (Kihya) = Ay and oy, =V [Xlija) = Aig™ (1= )+,
j=1,2,...  kk>2.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of g-Trinomial Distribution J

Let (X1, X2) be the discrete bivariate random variable that follows the g-
trinomial distribution. Then the joint probability function is given by

f)ﬁ,xz(xlaxﬂ = P(X1,X2)

< n ) 0102 q(3)+(3)
- e/ [T (0 + 610 ) T (1 + 0,971

xi=01,2,...,n =12, xg+x<n, 0,0 >0and 0 < g <1
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of Xj : g-Binomial of the 1st kind J
g-Mean and g-variance:
= E([X = 1
S Y e R U e s
and
(Opale)® =V (Xlyq)
— 1- q[n]2 0%
B q T(1+619"1)%(1+ 619"2)
+ &
T(1+ 619" 1) (1 + 61" 2)
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of X5: Not g-Binomial of the 1st kind J

Distribution of the conditional r.v. X3|Xi: g-Binomial
Conditional g-mean, g-variance:
)
Helygx = [n=xlq 1+ fpgn—a-1’
03
1 + 92qn—X1—1)2(1 + 92qn—x1—2)
6>
(1+62g"271)(1 + 62" 72)

1—gq

(J[XZ]l/q|X1)2 [n— Xl]?,(

+[n —xlq
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Local Limit Theorems-Asymptotic Behaviour

Note J

Conditional g-mean, HEXG), g% - g-regression curve.
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Local Limit Theorems-Asymptotic Behaviour

A Bivariate Stieltjes-Wigert Distribution as a Limiting Distribution J

Theorem

Let0r =01, =q “"and Oy = 05, = q~“?" with0 < a1, a» < 1 constants
and 0 < g < 1. Then, for n — oo, the g-trinomial distribution of the
first kind is approximated by a deformed standardized bivariate continuous
Stieltjes-Wigert distribution as follows:

Malvina Vamvakari On Multivariate Discrete g-Distributions  International Conference on Combinatorial M



Local Limit Theorems-Asymptotic Behaviour

- g /*log g1 gt

27T(q71 - 1)J[X1]1/qJ[X2]1/q\X1

[xa] e
X1l1/q — H[Xx
. <q—3/2(1 _ g2t a T ahye | q—1>

f)€7X2(X17X2)

O Xil1/q

[X] - —1/2
g3 - q)l/2w s
OXa]1 /g1 X

1 X _
o [ L tog? [ g3/2(1 - g2 PIYe T Ml
2log q Tl

1 ol
o [ L tog? [ q321 - g2 e T o 1))
2log g Tl 1%

x1, x2 > 0.
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Local Limit Theorems-Asymptotic Behaviour
Corollary J

For n — oo the following approximation holds

1
P(ag < Xy < bp,ap<Xo < b)) & 7 (Erf(up,+1) — Erf(ug,))

(Erf(viy41) — Erf(va,)),0 < a; < b, i = 1,2,

1
T Qlogg )2
log (q—3/2(1 )2 2= 1/2hyq = ixy q-1> _ V2logg™t
T[xilq 4
1
VvV, =

‘log (q3/2(1 _q)2 [a—1/2]1/q = Ppxalix n ql) B \/E.

TXalq1% 4
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Local Limit Theorems-Asymptotic Behaviour

Note J

Numerical calculations (Mathematica, g-Series Package)-Indication of very
good convergence even for moderate values of n = 30, 50
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Absorption Disitribution (M.V.,
2020) J
Marginal probability function of Yj: Univariate Absorption J

Marginal probability functions of Y;, i=1,..., k—1, k > 2: Not
Univariate Absorptions

g-means and g-variances of random variables Y;, i=1,... . k—1, k> 2
cannot be found

Distributions of the conditional r.vs
kal‘ Yo, Yk72’(yk717 Yk), ce Y1|(Y27 R Yk)i Univariate Absorptions
Conditional g-means, g-variances:

BIYi_11ql Yier BIYi—2lal(Ye—1,Ya) s = = = s B[ Yalql( Y2,y Yi)

0'2 0'2 02
[Yi—1lal Yo “TVk—2lal(Ye—1,Y4)? * * =2 O Valgl(Yay.eo, Vi)
V.
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Local Limit Theorems-Asymptotic Behaviour

The mean and the variance of the deformed variable [Y)], are given by

Hivide = E([Yk]q) =(1- Q)[”]q[mk]q
and (2)
(011 = V([Yida)

= q(1- Q)2[”]k7q[mk]2,q
—(1 = @[5 [mil3 + (1 = q)[nlg[milq,
respectively.

The conditional mean and the conditional variance of the deformed variable
[Yik—1lq given Yi = y are given by

B ddalye = E([Yi-ilglyk) = (L = q)[n — yklg[mi—1lq
and
(O-[kallqun,k)2 = V([Yk—l]q’)/k)

= q(1—9)’[n — wl2.qlMk-1]2,g
—(1 = q)*[n = yil2[mi—1l5 + (1 = q)[n — yi]q[mi-1lq,

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and conditional variance of the deformed variables
[Yilg given Yii1 = yjq1,- s Yk =Y, j=1,..., k=1, k> 2, are given
respectively by

'u[Y']q|(Yj+1,Yj+2,...,Yk) = E([Vilal (41, Y25 -+ Vi)

(1- n— Z Yi [m.i]qa

i=j+1

2 — . . .
Tl (VaYiannvi) — ¥ Vel O Y2 i)
2

k k
=q(1—q)° |n= > yi| Imhe—0—a?|n=>_ | [m
=+, =+ |,
k
+(1—gq) |n— Z il Imilg.
i=j+1

q
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Local Limit Theorems-Asymptotic Behaviour

Note J

The conditional g-means, M[Yj]q|(yj+17Yn,j+27~-- Yi)" 1<j<k—2,k>3, can

be interpreted as g-regression hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Absorption Distribution J

Theorem

Let g = q(n) with q(n) — 1, as n — oo, q(n)" = Q(1) and m; = O(n),j =
1,2,..., k. Then, for n — oo, the multivariate absorption distribution is
approximated by a deformed multivariate standardized Gaussian distribution
as follows:

log g~ q=i

k)2
K
2m(1— CI)) Itvide [jm2 o1yl (v v0)

2 k 2
op | L9 [yela — Bvid, Y [yj-1la = B0y alel (Y0
2logq = ’

fy(y17y27"'7yk) = (

OYilq I1Y;-1lql(Y)ye--» Ye)

yi>0,j=12,. ..k
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Local Limit Theorems-Asymptotic Behaviour

Sketch Proof
o 74 _ Mdazrvge
91Ylq
[Yila— N[Y]q|( (RN I 7yk)
710l (Y1 Yaja Vi)

@ g-Stirling type

i

° Z = =1, k=1 k>2

@ Pointwise convergence techniques applied to the joint probability
function
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024) J

Let the discrete bivariate random variable (Y1, Y2) with joint probability
function

fvi,va(y1, ¥2)

n o o .
= <y1 y2> (1- q)yl+y2q(u yi—=y2)(n=y1 y2)q)’1( 2 y2)[V1]y1,q[V2]y2,q,
! q

where y; = 1,2,...,n, j = 1,2, with y1 +y» < n, and v = v1 + 1, 11,1
nonnegative integers.
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of Y5: Univariate Absorption

The marginal probability function of the random variable Y5, is distributed
according to the univariate absorption distribution with probability function

n

fr,(y2) = <

> (1— q)YQq(Vz—yz)(”—}Q)[y2]y2’q’ v =0,1,2,...,n,
Y2/ q

for0<g<1andn<uw.

g-Mean, g-Variance
tysl, = E([Yalg) = (1= q)[n]qlraq

(o1v,1,)? = V([Yalg)
= (1 - q)’[nfaglreleq — (1 — q)?[nf[valg + (1 — g)[nlq[ralq )
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of Y7: Not Univariate Absorption

@ g-mean and g variance of random variable Y7 cannot be inferred from
the corresponding g-moments of the univariate absorption distribution

@ g-mean and g-variance cannot be found explicitly either directly or
indirectly
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Local Limit Theorems-Asymptotic Behaviour

Distribution of the conditional random variable Y1|Y2: Univariate
Absorption

The conditional random variable Y7|Y>, is distributed according to the
univariate absorption distribution with probability function

n—y: vi— n—y;—
fyl|y2(y1|y2>=( y 2) (1— qpigt s,
q

v1=0,12....n—y 0<qg<l n—y <.
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Local Limit Theorems-Asymptotic Behaviour

Conditional g-Mean, g-Variance

Conditional mean and conditional variance of the deformed variable [Y1],
given Yy = yo:

tvialys = E([Milgly2) = (1 = q)[n — yalq[ila,
(U[Y1]q|yz)2 = V([Yl]Q|)/2)

= (-9 (In— yalaglvalag — [n = y2lglnlg)
+(1 = q)ln — yolq[valg.

Note

Conditional g-Mean: g-Regression Curve
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024) J

Theorem

Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and v; = O(n), i =
1,2. Then, for n — oo, the bivariate absorption distribution is approximated
by a deformed bivariate standardized Gaussian distribution as follows:

-1
log g q}/1 +y2

27T(1 - q)U[Yzqu[Yl]q| Y2

2 2
1-—g [valg — Kyl ilg = #ivagelve
cexp | — — + )
2logq O1Yalq Ivilql Y2

y1,y2 > 0.

v, v, (y1, y2) =
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate g-Hypergeometric Disitribution
Marginal probability function of Y7: Univariate g-Hypergeometric

Marginal probability functions of W;, i =2,... k, k > 2: Not
g-Hypergeometrics

g-means and g-variances of random variables W;, i=1,..., k-1, k> 2
cannot be found explicitly

Distributions of the conditional r.vs

WQ‘ Wi, W3‘(W1, W2), e Wk|(W1, ce kal): Univariate
g-Hypergeometric

Conditional g-means, g-variances:

HWa]g|Was H[Ws]g|(Wa,Wa)s -+ = s H[Wi]g|(WA,..., Wi 1)

2 2 2
T Walg| W T[Wslql (Wi, Wa)2 = > T[Wilgl(WA,..., Wi—1)

o
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Local Limit Theorems-Asymptotic Behaviour

The mean and the variance of the deformed variable [W;], are given by

Pwil, = E([Wllq)=[n]"[m]"

[V]q
and
(omag)? = V([Wilq)
_ [nlaglvileg | Inlglvile [ [nlglnle )
T T he | W ( q )

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and the conditional variance of the deformed variable
[Wa]q given Wi = wy are given by

[n — wilqlv2]q

walgws = E([Yaelglw1) = =l
and
(walwa)® =V ([Walglwr)
_ In—whglwlg  [n—wilglvelg ([0 —wilglralg)?
-1 [V_V1]2,q * [V_Vl]q ( [V_Vl]q )

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and conditional variance of the deformed variables
[Wilq given Wiy = wq,...,Wj_1 = wj_1, j = 2,...,k, k> 2, are given
respectively by

Mwlal(Wa Wa,. Wiy) = E([Wilql (w1, w2, ..., wj-1))
{”—ZJ 1Wl} [vilq
N [v— ,1Vl]q ,

‘7[2V\/,-]q|(W1,W2,..‘,vvJ-71) = V([Wlql (w1, w2, ..., wj_1))

aln — S wilalile = W,} [ila
[V_Z, 1Vl]2q [v — J, 1Vl]q
(- Swi]fl,

v =1 vile
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Local Limit Theorems-Asymptotic Behaviour

Note )

The conditional g-means, W1 (Wao W, Wy ) 2<j<k, k>3, can be
interpreted as g-regression hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Theorem
Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and v = O(n).
Then, for n — oo, the multivariate q-Hypergeometric distribution is ap-

proximated by a deformed multivariate standardized Gaussian distribution
as follows:

v )N( == )m o
w Wi, Wo, ..., Wk) = —
2r(a = 1)) oy, T oty (We e W)

2 K 2
l—gqg [wi]g — Hiwi, n Z [Wj]q — KWl |(WA,...,W,_1)
2logq ’

Iwl, j=2 IWilgl(Wi,...,Wj—1)

w;>0,j=1,2... kk>2
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Discrete g-Distributions J

Multivariate
g-Polya

~ Multivariate
gq-Hypergeometric

; J
Negative
q-Muﬁinomial q-Mu‘ltillwmial Negative
1% kind 1" kind g-Multinomial g-Multinomial
/ 2" kind 2" kind
Multiple /
Heine Multiple
Euler
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Further Study

Discussion and Further Study )

@ Is it possible to unify the study of the asymptotic behavior of univariate
and multivariate discrete g-distributions without proving the local limit
theorems separately for each distribution?

@ Charalambides: “Malvina, once | finish my new book on Multivariate
Discrete g- Distributions, | would like to discuss the unification of local
limit theorems”
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