
On Multivariate Discrete q-Distributions

Malvina Vamvakari

International Conference on
Combinatorial Methods and Probability Models

A conference in Memory of Professor Charalambos A. Charalambides

October 6, 2024
Athens, Greece

Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 1 / 73



Outline

1 Preliminaries

2 Multivariate Discrete q-Distributions

3 Local Limit Theorems-Asymptotic Behaviour

4 Further Study

5 Selected References

Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 2 / 73



Preliminaries

q-Preliminaries, 0 < q < 1

q-Shifted factorial or q-Pochhammer symbol:

(α; q)n =
n∏

i=1

(
1− αqi−1

)
, (α1, . . . , αm; q)n = (α1; q)n · · · (αm; q)n, (α; q)0 = 1

General q-shifted factorial: (α; q)∞ =
∏∞

i=1

(
1− αqi−1

)
q-Number: [x ]q = 1−qx

1−q

q-Factorial of x of order k : [x ]k,q = [x ]q[x − 1]q · · · [x − k + 1]q, k = 1, 2, . . .

q-Factorial of k : [k]q! = [1]q[2]q · · · [k]q, k = 1, 2, . . .
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Preliminaries

q-Binomial coefficient(
n

k

)
q

=
(q; q)n

(q; q)k(q; q)n−k
=

[n]k,q
[k]q!

, k = 0, 1, . . . , n

Basic hypergeometric series or q-hypergeometric series

s+1φs

(
α1, . . . , αs+1

b1, . . . , bs

∣∣q; z

)
=
∞∑
k=0

(α1, . . . , as+1; q)k
(b1, . . . , bs ; q)k

zk

(q; q)k

q-Binomial formula

n∏
i=1

(1 + tqi−1) =
n∑

k=0

q(k
2)
(
n

k

)
q

tk = 1φ0

(
q−n

−
∣∣q;−qnt

)
Small q-exponential function

eq(t) =
∞∏
i=1

(1− t(1− q)qi−1t)−1 =
∞∑
k=0

tk

[k]q!
= 1φ0

(
0
−
∣∣q; (1− q)t

)
Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 4 / 73



Preliminaries

q-Binomial Distribution of the 1st kind

A. Kemp and C. Kemp (1991) defined a q-analogue of the binomial distri-
bution with probability function in the form

fX (x) =

(
n

x

)
q

q(x2)θx
n∏

j=1

(1 + θqj−1)−1, x = 0, 1, . . . , n,

where θ > 0, 0 < q < 1.

Heine distribution

A. Kemp and C. Newton (1990) showed that the limit of the pf. of the
q-Binomial distribution of the 1st kind, as n → ∞, is the pf. of the Heine
distribution

lim
n→∞

(
n

x

)
q

q(x2)θx
n∏

j=1

(1 + θqj−1)−1 = eq(−λ)
q(x2)λx

[x ]q!
, x = 0, 1, . . . ,

for 0 < λ <∞ and 0 < q < 1, with λ = θ/(1− q)
Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 5 / 73



Preliminaries

Basic Hypergeometric Series

A. Kemp introduced and studied various forms of discrete q-distributions
associated with basic hypegeometric series

Interpetation

A. Kemp derived discrete q-distributions as stationary distributions of birth
and death processes.
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Preliminaries

Univariate Discrete q-Distributions (Charalambides, 2016)

Univariate discrete q-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with success probability varying
geometrically, with rate q, either with the number of previous trials or with
the number of previous successes or both with the number of previous trials
and successes.
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Preliminaries

Association with basic orthogonal polynomials (A.Kyriakoussis & M.V.,
2010, 2012)

Non Terminating
q-Gauss
(Inverses: 
q-Hypergeometric,
Negative 
q-Hypergeometric)

Negative
q-Binomial 

Type I
q-Binomial

Type I
q-Binomial

Type II

Heine Euler

Negative
q-Binomial

Type II

Terminating
q-Gauss
(q-Hypergeometric,
Negative 
q-Hypergeometric)

(a) Discrete q-Distributions

Big
q-Jacobi q-Hahn

q-Meixner q-Krawtchouk
Affine

q-Krawtchouk

q-Charlier
Little 

q-Laguerre/
Wall

Little
q-Jacobi

(b) Basic Orthogonal Polynomials
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Preliminaries

Asymptotic Normality and Classical Asymptotic Methods Do not Hold for
Discrete q-Distributions

Discrete q-distributions have finite mean and variance when n→∞
Asymptotic normality does not hold

Asymptotic methods—classical central or/and local limit theorems—
as in Bender (1973), Canfield (1977), Flajolet and Soria (1990),
Odlyzko (1995) et al. can not be applied

What is the asymptotic behaviour for n→∞ of the discrete
q-distributions?
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Preliminaries

Asymptotic Behaviour (Kyriakoussis & M.V., 2013, 2017, 2019, M.V. 2022, 2024)

Inverses: 
q-Hypergeometric

Negative 
q-Hypergeometric

Negative
q-Binomial 

1st kind
q-Binomial

1st kind
q-Binomial

2nd kind

Heine Euler

Negative
q-Binomial

2nd kind

q-Hypergeometric

Negative
q-Hypergeometric

Deformed Stieltjes 
Wigert

Deformed Gaussian 
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Preliminaries

Stieltjes-Wigert Distribution

The continuous Stieltjes–Wigert distribution has probability density function

vSWW (w) =
q1/8√

2π log q−1 w
e

(log w)2

2 log q , w > 0,

with mean value µSW = q−1 and standard deviation σSW = q−3/2(1−q)1/2.
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Preliminaries

Stieltjes-Wigert Distribution as Limiting Distribution of Univariate Discrete
q-Distributions (K&M.V., 2013, 2019)

Transformation

From the r.v. X of the q-Binomial distribution of the 1st kind to the equal-
distributed deformed r.v. Y = [X ]1/q =

(
1− q−X

)
/
(
1− q−1

)
.

q-Mean, q-Variance

µq = E
(
[X1]1/q

)
= [n]q

θ

1 + θqn−1
,

(σq)2 = V
(
[X1]1/q

)
=

1− q

q
[n]2q

θ2

(1 + θqn−1)2(1 + θ1qn−2)

+[n]q
θ

(1 + θqn−1)(1 + θqn−2)
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Preliminaries

A Stieltjes-Wigert Distribution as Limiting Distribution of q-Binomial of
the 1st Kind

Theorem

Let θ = θn, for n = 0, 1, 2, . . ., such that θn = q−αn, a constant and
0 < q < 1. Then, for n →∞, the q-Binomial distribution of the first kind
is approximated by a deformed standardized Stieltjes–Wigert distribution as
follows:

f BX (x) ∼=
q−7/8

σq(2π)1/2

(
log q−1

q−1 − 1

)1/2(
q−3/2(1− q)1/2

[x ]1/q − µq

σq
+ q−1

)−1/2
q−x

· exp

(
1

2 log q
log2

(
q−3/2(1− q)1/2

[x ]1/q − µq

σq
+ q−1

))
, x ≥ 0,
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Preliminaries

Stieltjes-Wigert Distribution as Limiting Distribution of Heine

Remark

A similar asymptotic result holds for the p.f. of the Heine distribution when
λ→∞.
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Preliminaries

Univariate Absorption Distribution (A. Kemp(1998), Charalambides (2012,
2016))

Consider a sequence of independent geometric sequences of trials with prob-
ability of success at the jth geometric sequence of trials given by

pj = 1− qr−j+1, j = 1, 2, . . . , [r ], 0 < r <∞, 0 < q < 1,

which is a geometrically decreasing sequence of a finite number of terms.
Then the probability function of the number Yn of successes in n indepen-
dent Bernoulli trials is given by

fYn(y) = P(Yn = y) =

(
n

y

)
q

q(n−y)(r−y)(1− q)r [r ]y ,q, y = 0, 1, . . . , n,

for 0 < r < ∞, 0 < q < 1, and n ≤ [r ]. This discrete q-distribution is
known as absorption distribution.
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Preliminaries

q-Mean, q-Variance

µAq = E ([Y ]q) = (1− q)[n]q[r ]q,

(σAq )2 = V ([Y ]q)

= (1− q)2[n]2,q[r ]2,q − (1− q)2[n]2q[r ]2q + (1− q)[n]q[r ]q.
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Preliminaries

Asymptotic Behaviour of Univariate Absorption Distribution (M.V., 2024)

Theorem

Let q = q(n) with q(n) → 1, as n → ∞, q(n)n = Ω(1) and r = O(n).
Then, for n→∞, the univariate absorption distribution is approximated by
a deformed standardized Gaussian distribution as follows:

fY (y) ∼=
(log q−1)1/2

σAq (2π(1− q))1/2
qy exp

− 1− q

2 log q−1

(
[y ]q − µAq

σAq

)2
 , y ≥ 0.
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Preliminaries

Sketch Proof

Z =
[Y ]q−µAq

σA
q

q-Stirling type 0 < q < 1 (Kyriakoussis and M.V, 2013)

[n]q! =
q−1/8(2π(1− q))1/2

(q log q−1)1/2

q(n2)q−n/2[n]
n+1/2
1/q∏∞

j=1(1 + (q−n − 1)qj−1)

(
1 + O(n−1)

)
,

[n]q! = [1]q[2]q · · · [n − 1]q[n]q with [n]q =
1− qn

1− q
, n ≥ 1.

Pointwise convergence techniques applied to the probability function

Remark: Possible realizations of the sequence q := q(n)

q(n) = 1− α

n
, α > 0 or q(n) = 1− 1/ exp n.
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Preliminaries

Univariate q-Hypergeometric Distribution (A. Kemp (2005),
Charalambides (2012, 2016), Kyriakoussis & M.V.(2012))

Consider an urn containing r white balls and s black balls. Let Wn be
the number of white balls drawn in n q-drawings in a q-hypergeometric
urn model, with the conditional probability of drawing a white ball at the
q-drawing, given that j − 1 white balls are drawn in the previous i − 1
q-drawings given by

pi ,j =
[r − j + 1]q

[r + s − i + 1]q
, j = 1, 2, . . . ,min{i , r}, i = 1, 2, . . . , r + s.

The distribution of the random variable Wn is called q-hypergeometric dis-
tribution, with parameters n, r , s and q and its p.f. is given by

fWn(wn) = P(Wn = w) =

(
n

w

)
q

q(n−w)(r−w) [r ]w ,q[s]n−w ,q
[r + s]n,q

,

for w = 0, 1, 2, . . . , n, where 0 < q < 1, and r and s are positive integers.
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Preliminaries

q-Mean, q-Variance

µHq = E ([Wn]q) =
[n]q[r ]q
[r + s]q

,

(σHq )2 = V ([Wn]q)

= q
[n]2,q[r ]2, q

[r + s]2,q
+

[n]q[r ]q
[r + s]q

−
(

[n]q[r ]q
[r + s]q

)2

.
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Preliminaries

Asymptotic Behaviour of Univariate q-Hypergeometric Distribution

Theorem

Let q = q(n) with q(n) → 1, as n → ∞, q(n)n = Ω(1) and r + s =
O(n). Then, for n → ∞, the univariate q-Hypergeometric distribution is
approximated by a deformed standardized Gaussian distribution as follows:

fW (w) ∼=
(log q−1)1/2

σHq (2π(1− q))1/2
qw exp

− 1− q

2 log q−1

(
[w ]q − µHq

σHq

)2
 , w ≥ 0.
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Multivariate Discrete q-Distributions

Multivariate Discrete q-Distributions (Charalambides, 2021, 2022, 2023)

Multivariate discrete q-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with chain-composite successes,
where the odds of success of a certain kind at a trial is assumed to vary
geometrically, with rate q, with the number of previous trials or with the
number of previous successes or both with the number of previous trials and
successes.
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Multivariate Discrete q-Distributions

q-Multinomial Distribution of the 1st Kind (Charalambides, 2022)

Xj : number of successes of a jth kind in a sequence of n independent
Bernoulli trials with chain composite failures, where the probability of
success of the jth kind at the ith trial is given by

pj ,i =
θjq

i−1

1 + θjqi−1
, 0 < θj <∞, j = 1, 2, . . . , i = 1, 2, . . . , 0 < q < 1.

Joint probability function of the random vector X = (X1,X2, . . . ,Xk)
is given by

f BX (x1, x2, . . . , xk) = P(X1 = x1,X2 = x2, . . . ,Xk = xk)

=

(
n

x1, x2, . . . , xk

)
q

k∏
j=1

θ
xj
j q

(xj
2
)∏n−sj−1

i=1 (1 + θjqi−1)

xj = 0, 1, 2, . . . , n, with
∑k

j=1 xj ≤ n, sj =
∑j

i=1 xi , j = 1, 2, . . . , k .
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Multivariate Discrete q-Distributions

Multiple Heine Distribution (Charalambides, 2021)

The discrete limit of the joint p.f. of the q-multinomial distribution of the
1st kind, as n→∞, is the joint p.f. of the multiple Heine distribution,

lim
n→∞

(
n

x1, x2, . . . , xk

)
q

k∏
j=1

θ
xj
j q

(xj
2
)∏n−sj−1

i=1 (1 + θjqi−1)
=

k∏
j=1

q(xj
2
)λj

xj

[xj ]q!

∞∏
i=1

(1 + λj(1− q)qi−1)−1,

xj = 0, 1, 2, . . . , λj > 0, 0 < q < 1, λj = θj/(1− q), j = 1, 2, . . . , k
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Multivariate Discrete q-Distributions

Multiple Heine Distribution

Let X = (X1,X2, . . . ,Xk) be a random vector that follows the multiple
Heine distribution. Then the joint p.f. the multiple Heine distribution is
given by

f HX (x1, x2, . . . , xk) =
k∏

j=1

q(xj
2
)λj

xj

[xj ]q!

∞∏
i=1

(1 + λj(1− q)qi−1)−1,

where xj = 0, 1, 2, . . . , λj > 0, 0 < q < 1, λj = θj/(1 − q), j =
1, 2, . . . , k , k ≥ 2.
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Multivariate Discrete q-Distributions

q-Multinomial distribution of the 2nd kind (Charalambides, 2021)

Yj : number of successes of a jth kind in a sequence of n independent
Bernoulli trials with chain composite failures, where the conditional
probability of success of the jth kind at any trial, given that i − 1
successes of the jth kind occur in the previous trials is given by

pj ,i = 1− θjqi−1, j = 1, 2, . . . , i = 1, 2, . . . , 0 < θj < 1, 0 < q < 1.

Joint probability function of the random vector Y = (Y1,Y2, . . . ,Yk):

f MS
Y (y1, y2, . . . , yk) = P(Y1 = y1,Y2 = y2, . . . ,Yk = yk)

=

(
n

y1, y2, . . . , yk

)
q

k∏
j=1

θ
yj
j

n−sj∏
i=1

(
1− θjqi−1

)
,

yj = 0, 1, . . . , n,
∑k

j=1 xj ≤ n, sj =
∑j

i=1 yi , 0 < q < 1.
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Multivariate Discrete q-Distributions

Multiple Euler Distribution (Charalambides, 2021)

The discrete limit of the joint p.f. of the q-multinomial distribution of the
2nd kind, as n→∞, is the joint p.f. of the multiple Euler distribution

lim
n→∞

(
n

y1, y2, . . . , yk

)
q

k∏
j=1

θ
yj
j

n−sj∏
i=1

(
1− θjqi−1

)
=
∞∏
j=1

(
1− λj(1− q)qj−1

) λ
yj
j

[yj ]q!
,

yj = 0, 1, . . ., 0 < λj < 1/(1− q), 0 < q < 1, λj = θj/(1− q), j = 1, 2, . . ..
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Multivariate Discrete q-Distributions

Multivariate Absorption Distribution ( M.V, 2020, Charalambides, 2022)

Success probability at the jth kind for 1 < q <∞, q → q−1,
0 < q < 1, θj = qmj :

pj ,i = 1−qmj−i+1, , 0 < mj <∞, j = 1, 2, . . . , k , i = 1, 2, . . . , [mj ],

Joint probability function of the random vector Y = (Y1,Y2, . . . ,Yk):

fY(y1, y2, . . . , yk) = P(Y1 = y1,Y2 = y2, . . . ,Yk = yk)

=

(
n

y1, y2, . . . , yk

)
q

q
∑k

j=1(n−sj )(mj−yj )
k∏

j=1

(1− q)yj [mj ]yj ,q,

yj = 0, 1, 2, . . . , n,
∑k

j=1 yj ≤ n, sj =
∑j

i=1 yi ,
0 < mj <∞, 0 < q < 1, n ≤ [mj ], j = 1, 2, . . . , k .
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Multivariate Discrete q-Distributions

Multivariate q-Hypergeometric Distribution ( M.V., 2020, Charalambides,
2022)

Consider an urn containing ν balls, {b1, b2, . . . , bν}, of k+1 different ordered
colors, with νl distinct balls of color cl , {bsl−1+1, bsl−1+2, . . . , bsl}, for l =
1, 2, . . . , k + 1, where s0 = 0, and

sl =
l∑

i=1

νi , for l = 1, 2, . . . , k + 1,

with sk+1 = ν. The first k colors, {c1, c2, . . . , ck}, may be considered as
shades of white, and color {ck+1} as black.
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Multivariate Discrete q-Distributions

Multivariate q-Hypergeometric Distribution

Wl : number of balls of color cl drawn in n q-drawings in a multiple q-
hypergeometric urn model, with the conditional probability of drawing a
ball of color cl at the ith q-drawing, given that jl − 1 white balls of color
cl and a total of colors c1, c2, . . . , cl−1 are drawn in the previous i − 1
q-drawings:

pi ,jl (l) =
[νl − jl + 1]q

[ν + sl − i + 1]q
, jl = 1, 2, . . . , i , l = 1, 2, . . . , k , i = 1, 2, . . . .
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Multivariate Discrete q-Distributions

Multivariate q-Hypergeometric Distribution

Joint probability function of a random vector W = (W1,W2, . . . ,Wk) :

fW(w1,w2, . . . ,wk) = P(W1 = w1,W2 = w2, . . . ,Wk = wk)

=

(
n

w1,w2, . . . ,wk

)
q

q
∑k

j=1(n−
∑j

i=1 wi )(νj−wj )

∏k+1
j=1 [νj ]wj ,q

[ν]n,q

wj = 0, 1, 2, . . . , n, j = 0, 1, 2, . . . , k , with
∑k

j=1 nj ≤ n, where

wk = n −
∑k

j=1 wj ,ν =
∑k+1

j=1 νj , 0 < q < 1, and n ≤ [νj ], j = 1, 2, . . . , k .
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Multivariate Discrete q-Distributions

Remark (M.V., 2020)

The multivariate absorption distribution emerges as a conditional dis-
tribution of a Heine process at a finite sequence of q-points in a time
interval.

The multivariate q-hypergeometric distribution arises as a conditional
distribution of the multivariate absorption.
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Multivariate Discrete q-Distributions
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of q-Multinomial Distribution of the 1st kind

Marginal probability function of X1 : q-Binomial of the 1st kind

Marginal probability functions of Xi , i = 2, . . . , k , k ≥ 2: Not q-Binomial
of the 1st kind

q-means and q-variances of random variables Xi , i = 2, . . . , k , k ≥ 2
cannot be found explicitly.

Distributions of the conditional r.vs
X2|X1,X3|(X1,X2), . . . ,Xk |(X1, . . . ,Xk−1): q-Binomials

Conditional q-means, q-variances:

µ[X2]q |X1
, µ[X3]q |(X1,X2), . . . , µ[Xk ]q |(X1,...,Xk−1),

σ2[X2]q |X1
, σ2[X3]q |(X1,X2)

, . . . , σ2[Xk ]q |(X1,...,Xk−1)
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of q-Multinomial Distribution of the 1st kind

Conditional means and variances of the deformed r.vs [Xj ]1/q given X1 =
x1, . . . , Xj−1 = xj−1, j = 2, . . . , k, k ≥ 2 :

µ[Xj ]1/q |(X1,...,Xj−1) = E
(
[Xj ]1/q|(X1, . . . ,Xj−1)

)
= [n − sj−1]q

θj
1 + θjqn−sj−1−1 ,

σ2[Xj ]1/q |(X1,...,Xj−1)
= V

(
[[Xj ]1/q|(X1, . . . ,Xj−1)

)
=

1− q

q
[n − sj−1]2q

θ2j
(1 + θjqn−sj−1−1)2(1 + θjqn−sj−1−2)

+[n − sj−1]q
θj

(1 + θjqn−sj−1−1)(1 + θjqn−sj−1−2)
,
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Local Limit Theorems-Asymptotic Behaviour

Note

Conditional q-means, µ[Xj ]1/q |(X1,...,Xj−1), 3 ≤ j ≤ k , k ≥ 3 : q-regression
hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of q-Multinomial Distribution of the 1st kind

A Multivariate Stieltjes-Wigert Distribution as a Limiting Distribution

Theorem

Let θj = θj ,n = q−αjn with 0 < aj < 1, j = 1, 2, . . . , k constants and
0 < q < 1. Then, for n → ∞, the q-multinomial distribution is approxi-
mated by a deformed multivariate standardized continuous Stieltjes-Wigert
distribution distribution as follows:
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Local Limit Theorems-Asymptotic Behaviour

f BX (x1, x2, . . . , xk) ∼=

(
q−7/8(log q−1)

1/2

(2π)1/2(q−1 − 1)1/2

)k
q−

∑k
j=1 xj

σ[X1]1/q

∏k
j=2 σ[Xj ]1/q|(X1,...,Xj−1)

·

(
q−3/2(1− q)1/2

[x1]1/q − µ[X1]1/q

σ[X1]1/q

+ q−1

)−1/2

·
k∏

j=2

(
q−3/2(1− q)1/2

[xj ]1/q − µ[Xj ]1/q|(X1,...,Xj−1)

σ[Xj ]1/q|(X1,...,Xj−1)
+ q−1

)−1/2

· exp

(
1

2 log q

(
log2

(
(1− q)1/2

q3/2
[x1]1/q − µ[X1]1/q

σ[X1]1/q

+ q−1

)))

· exp

 1

2 log q

k∑
j=2

log2

(
(1− q)1/2

q3/2
[xj ]1/q − µ[Xj ]1/q|(X1,...,Xj−1)

σ[Xj ]1/q|(X1,...,Xj−1)
+ q−1

) ,

xj ≥ 0, j = 1, 2, . . . , k , k ≥ 2. (1)
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Local Limit Theorems-Asymptotic Behaviour

Sketch Proof

Z1 =
[X1]1/q−µ[X1]1/q

σ[X1]q

Zj =
[Xj ]1/q−µ[Xj ]1/q |(X1,...,Xj−1)

σ[Xj ]1/q |(X1,...,Xj−1)
, j = 2, . . . , k , k ≥ 3

q-Stirling type 0 < q < 1

Pointwise convergence techniques applied to the joint probability
function
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Local Limit Theorems-Asymptotic Behaviour

Remark: Asymptotic Behaviour of Multiple Heine Distribution

For λj →∞, j = 1, 2, . . . , k , the multiple Heine distribution is
approximated by a deformed multivariate standardized continuous
Stieltjes-Wigert distribution distribution as follows:

f HX (x1, x2, . . . , xk) ∼=

(
q−7/8(log q−1)

1/2

(2π)1/2(q−1 − 1)1/2

)k
q−

∑k
j=1 xj∏k

j=1 σ[Xj ]1/q

·
k∏

j=1

(
q−3/2(1− q)1/2

[xj ]1/q − µ[Xj ]1/q

σ[Xj ]1/q

+ q−1

)−1/2

· exp

 1

2 log q

 k∑
j=1

log2 (1− q)1/2

q3/2
[xj ]1/q − µ[Xj ]1/q

σ[Xj ]1/q

 ,

xj ≥ 0, j = 1, . . . , k , k ≥ 2,

µ[Xj ]1/q = E
(
[Xj ]1/q

)
= λj and σ2[Xj ]1/q

= V
[
Xj ]1/q

)
= λjq

−1(1− q) + λj ,

j = 1, 2, . . . , k , k ≥ 2.
Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 40 / 73



Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of q-Trinomial Distribution

Let (X1,X2) be the discrete bivariate random variable that follows the q-
trinomial distribution. Then the joint probability function is given by

f BX1,X2
(x1, x2) = P (X1,X2)

=

(
n

x1, x2

)
q

θx11 θ
x2
2 q(x12 )+(x22 )∏n

i=1(1 + θ1qi−1)
∏n−x1

i=1 (1 + θ2qi−1)

xj = 0, 1, 2, . . . , n, j = 1, 2, x1 + x2 ≤ n, θ1, θ2 > 0 and 0 < q < 1.
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of X1 : q-Binomial of the 1st kind

q-Mean and q-variance:

µ[X1]1/q = E
(
[X1]1/q

)
= [n]q

θ1
1 + θ1qn−1

and

(σ[X1]1/q)2 = V
(
[X1]1/q

)
=

1− q

q
[n]2q

θ21
(1 + θ1qn−1)2(1 + θ1qn−2)

+[n]q
θ1

(1 + θ1qn−1)(1 + θ1qn−2)
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of X2: Not q-Binomial of the 1st kind

Distribution of the conditional r.v. X2|X1: q-Binomial

Conditional q-mean, q-variance:

µ[X2]1/q |X1
= [n − x1]q

θ2
1 + θ2qn−x1−1

,

(σ[X2]1/q |X1
)2 =

1− q

q
[n − x1]2q

θ22
(1 + θ2qn−x1−1)2(1 + θ2qn−x1−2)

+[n − x1]q
θ2

(1 + θ2qn−x1−1)(1 + θ2qn−x1−2)
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Local Limit Theorems-Asymptotic Behaviour

Note

Conditional q-mean, µ[X2]1/q |X1
: q-regression curve.
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Local Limit Theorems-Asymptotic Behaviour

A Bivariate Stieltjes-Wigert Distribution as a Limiting Distribution

Theorem

Let θ1 = θ1,n = q−α1n and θ2 = θ2,n = q−α2n with 0 < a1, a2 < 1 constants
and 0 < q < 1. Then, for n → ∞, the q-trinomial distribution of the
first kind is approximated by a deformed standardized bivariate continuous
Stieltjes-Wigert distribution as follows:
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Local Limit Theorems-Asymptotic Behaviour

f BX1,X2
(x1, x2) ∼=

q−7/4log q−1

2π(q−1 − 1)σ[X1]1/qσ[X2]1/q|X1

q−(x1+x2)

·

(
q−3/2(1− q)1/2

[x1]1/q − µ[X1]1/q

σ[X1]1/q

+ q−1

)−1/2

·

(
q−3/2(1− q)1/2

[x2]q − µ[X2]1/q|X1

σ[X2]1/q|X1

+ q−1

)−1/2

· exp

(
1

2 log q
log2

(
q−3/2(1− q)1/2

[x1]1/q − µ[X1]1/q

σ[X1]1/q

+ q−1

))

· exp

(
1

2 log q
log2

(
q−3/2(1− q)1/2

[x2]q − µ[X2]1/q|X1

σ[X2]1/q|X1

+ q−1

))
,

, x1, x2 ≥ 0.
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Local Limit Theorems-Asymptotic Behaviour

Corollary

For n→∞ the following approximation holds

P (a1 ≤ X1 ≤ b1, a2 ≤ X2 ≤ b2) ∼=
1

4
(Erf(ub1+1)− Erf(ua1))

· (Erf(vb2+1)− Erf(va2)) , 0 ≤ ai < bi , i = 1, 2,

ua =
1

(2 log q−1)1/2

· log

(
q−3/2(1− q)1/2

[a− 1/2]1/q − µ[X1]q

σ[X1]q

+ q−1
)
−
√

2 log q−1

4
,

va =
1

(2 log q−1)1/2

· log

(
q−3/2(1− q)1/2

[a− 1/2]1/q − µ[X2]q|X1

σ[X2]q|X1

+ q−1
)
−
√

2 log q−1

4
.
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Local Limit Theorems-Asymptotic Behaviour

Note

Numerical calculations (Mathematica, q-Series Package)-Indication of very
good convergence even for moderate values of n = 30, 50
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Absorption Disitribution (M.V.,
2020)

Marginal probability function of Yk : Univariate Absorption

Marginal probability functions of Yi , i = 1, . . . , k − 1, k ≥ 2: Not
Univariate Absorptions

q-means and q-variances of random variables Yi , i = 1, . . . , k − 1, k ≥ 2
cannot be found

Distributions of the conditional r.vs
Yk−1|Yk ,Yk−2|(Yk−1,Yk), . . . ,Y1|(Y2, . . . ,Yk): Univariate Absorptions

Conditional q-means, q-variances:

µ[Yk−1]q |Yk
, µ[Yk−2]q |(Yk−1,Yk ), . . . , µ[Y1]q |(Y2,...,Yk ),

σ2[Yk−1]q |Yk
, σ2[Yk−2]q |(Yk−1,Yk )

, . . . , σ2[Y1]q |(Y2,...,Yk )
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Local Limit Theorems-Asymptotic Behaviour

The mean and the variance of the deformed variable [Yk ]q are given by

µ[Yk ]q = E ([Yk ]q) = (1− q)[n]q[mk ]q

and (2)

(σ[Yk ]q)2 = V ([Yk ]q)

= q(1− q)2[n]k,q[mk ]2,q

−(1− q)2[n]2q[mk ]2q + (1− q)[n]q[mk ]q,

respectively.
The conditional mean and the conditional variance of the deformed variable
[Yk−1]q given Yk = yk are given by

µ[Yk−1]q |Yk
= E ([Yk−1]q|yk) = (1− q)[n − yk ]q[mk−1]q

and

(σ[Yk−1]q |Yn,k
)2 = V ([Yk−1]q|yk)

= q(1− q)2[n − yk ]2,q[mk−1]2,q

−(1− q)2[n − yk ]2q[mk−1]2q + (1− q)[n − yk ]q[mk−1]q,

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and conditional variance of the deformed variables
[Yj ]q given Yj+1 = yj+1, . . . , yn,k = yk , j = 1, . . . , k − 1, k ≥ 2, are given
respectively by

µ[Yj ]q |(Yj+1,Yj+2,...,Yk) = E ([Yj ]q| (yj+1, yj+2, . . . ,Yk))

= (1− q)

n − k∑
i=j+1

yi


q

[mj ]q,

σ2
[Yj ]q |(Yj+1,Yj+2,...,Yk) = V ([Yj ]q| (yj+1, yj+2, . . . ,Yk))

= q(1− q)2

n − k∑
i=j+1

yi


2,q

[mj ]2,q − (1− q)2

n − k∑
i=j+1

yi

2

q

[mj ]
2
q

+(1− q)

n − k∑
i=j+1

yi


q

[mj ]q.
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Local Limit Theorems-Asymptotic Behaviour

Note

The conditional q-means, µ[Yj ]q |(Yj+1,Yn,j+2,...,Yk), 1 ≤ j ≤ k − 2, k ≥ 3, can

be interpreted as q-regression hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Absorption Distribution

Theorem

Let q = q(n) with q(n)→ 1, as n→∞, q(n)n = Ω(1) and mj = O(n), j =
1, 2, . . . , k . Then, for n → ∞, the multivariate absorption distribution is
approximated by a deformed multivariate standardized Gaussian distribution
as follows:

fY(y1, y2, . . . , yk) ∼=
(

log q−1

2π(1− q)

)k/2
q
∑k

j=1 yj

σ[Yk ]q

∏k
j=2 σ[Yj−1]q|(Yj ,...,Yk )

· exp

 1− q

2 log q

( [yk ]q − µ[Yk ]q

σ[Yk ]q

)2

+
k∑

j=2

(
[yj−1]q − µ[Yj−1]q|(Yj ,...,Yk )

σ[Yj−1]q|(Yj ,...,Yk )

)2
 ,

yj ≥ 0, j = 1, 2, . . . , k.
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Local Limit Theorems-Asymptotic Behaviour

Sketch Proof

Zk =
[Yk ]q−µ[Yk ]q

σ[Yk ]q
,

Zj =
[Yj ]q−µ[Yj ]q |(Yj+1,Yj+2,...,Yk)
σ
[Yj ]q |(Yj+1,Ynj+2,...,Yk)

, j = 1, . . . , k − 1, k ≥ 2

q-Stirling type

Pointwise convergence techniques applied to the joint probability
function
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024)

Let the discrete bivariate random variable (Y1,Y2) with joint probability
function

fY1,Y2(y1, y2)

=

(
n

y1, y2

)
q

(1− q)y1+y2q(ν−y1−y2)(n−y1−y2)qy1(ν2−y2)[ν1]y1,q[ν2]y2,q,

where yj = 1, 2, . . . , n, j = 1, 2, with y1 + y2 ≤ n, and ν = ν1 + ν2, ν1, ν2
nonnegative integers.
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of Y2: Univariate Absorption

The marginal probability function of the random variable Y2, is distributed
according to the univariate absorption distribution with probability function

fY2(y2) =

(
n

y2

)
q

(1− q)y2q(ν2−y2)(n−y2)[ν2]y2,q, y2 = 0, 1, 2, . . . , n,

for 0 < q < 1 and n ≤ ν2.

q-Mean, q-Variance

µ[Y2]q = E ([Y2]q) = (1− q)[n]q[ν2]q

(σ[Y2]q)2 = V ([Y2]q)

= (1− q)2[n]2,q[ν2]2,q − (1− q)2[n]2q[ν2]2q + (1− q)[n]q[ν2]q
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Local Limit Theorems-Asymptotic Behaviour

Marginal probability function of Y1: Not Univariate Absorption

q-mean and q variance of random variable Y1 cannot be inferred from
the corresponding q-moments of the univariate absorption distribution

q-mean and q-variance cannot be found explicitly either directly or
indirectly

Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 57 / 73



Local Limit Theorems-Asymptotic Behaviour

Distribution of the conditional random variable Y1|Y2: Univariate
Absorption

The conditional random variable Y1|Y2, is distributed according to the
univariate absorption distribution with probability function

fY1|Y2
(y1|y2) =

(
n − y2
y1

)
q

(1− q)y1q(ν1−y1)(n−y1−y2)[ν1]y1,q,

y1 = 0, 1, 2, . . . , n − y2, 0 < q < 1, n − y2 ≤ ν1.

Malvina Vamvakari On Multivariate Discrete q-Distributions International Conference on Combinatorial Methods and Probability Models A conference in Memory of Professor Charalambos A. Charalambides October 6, 2024Athens, Greece 58 / 73



Local Limit Theorems-Asymptotic Behaviour

Conditional q-Mean, q-Variance

Conditional mean and conditional variance of the deformed variable [Y1]q
given Y2 = y2:

µ[Y1]q |Y2
= E ([Y1]q|y2) = (1− q)[n − y2]q[ν1]q,

(σ[Y1]q |Y2
)2 = V ([Y1]q|y2)

= (1− q)2
(
[n − y2]2,q[ν1]2,q − [n − y2]2q[ν1]2q

)
+(1− q)[n − y2]q[ν2]q.

Note

Conditional q-Mean: q-Regression Curve
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024)

Theorem

Let q = q(n) with q(n)→ 1, as n→∞, q(n)n = Ω(1) and νi = O(n), i =
1, 2. Then, for n→∞, the bivariate absorption distribution is approximated
by a deformed bivariate standardized Gaussian distribution as follows:

fY1,Y2(y1, y2) ∼=
log q−1

2π(1− q)σ[Y2]qσ[Y1]q |Y2

qy1+y2

· exp

− 1− q

2 log q−1
·

( [y2]q − µ[Y2]q

σ[Y2]q

)2

+

(
[y1]q − µ[Y1]q |Y2

σ[Y1]q |Y2

)2
 ,

y1, y2 ≥ 0.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate q-Hypergeometric Disitribution

Marginal probability function of Y1: Univariate q-Hypergeometric

Marginal probability functions of Wi , i = 2, . . . , k , k ≥ 2: Not
q-Hypergeometrics

q-means and q-variances of random variables Wi , i = 1, . . . , k − 1, k ≥ 2
cannot be found explicitly

Distributions of the conditional r.vs
W2|W1,W3|(W1,W2), . . . ,Wk |(W1, . . . ,Wk−1): Univariate
q-Hypergeometric

Conditional q-means, q-variances:

µ[W2]q |W1
, µ[W3]q |(W1,W2), . . . , µ[Wk ]q |(W1,...,Wk−1),

σ2[W2]q |W1
, σ2[W3]q |(W1,W2)

, . . . , σ2[Wk ]q |(W1,...,Wk−1)
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Local Limit Theorems-Asymptotic Behaviour

The mean and the variance of the deformed variable [W1]q are given by

µ[W1]q = E ([W1]q) =
[n]q[ν1]q

[ν]q
and

(σ[W1]q)2 = V ([Wk ]q)

= q
[n]2,q[ν1]2,q

[ν]2,q
+

[n]q[ν1]q
[ν]q

−
(

[n]q[ν1]q
[ν]q

)2

.

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and the conditional variance of the deformed variable
[W2]q given W1 = w1 are given by

µ[W2]q |W1
= E ([Yn,2]q|w1) =

[n − w1]q[ν2]q
[ν − ν1]q

and

(σ[W2]q |W1
)2 = V ([W2]q|w1)

= q
[n − w1]2,q[ν2]2,q

[ν − ν1]2,q
+

[n − w1]q[ν2]q
[ν − ν1]q

−
(

[n − w1]q[ν2]q
[ν − ν1]q

)2

.

respectively.
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Local Limit Theorems-Asymptotic Behaviour

The conditional mean and conditional variance of the deformed variables
[Wj ]q given W1 = w1, . . . ,Wj−1 = wj−1, j = 2, . . . , k , k ≥ 2, are given
respectively by

µ[Wj ]q |(W1,W2,...,Wj−1) = E ([Wj ]q| (w1,w2, . . . ,wj−1))

=

[
n −

∑j−1
i=1 wi

]
q

[νj ]q

[ν −
∑j−1

i=1 νi ]q
,

σ2
[Wj ]q |(W1,W2,...,Wj−1)

= V ([Wj ]q| (w1,w2, . . . ,wj−1))

=
q[n −

∑j−1
i=1 wi ]2,q[νj ]2,q

[ν −
∑j−1

i=1 νi ]2,q
+

[
n −

∑j−1
i=1 wi

]
q

[νj ]q

[ν −
∑j−1

i=1 νi ]q

−


[
n −

∑j−1
i=1 wi

]
q

[νj ]q

[ν −
∑j−1

i=1 νi ]q


2

.
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Local Limit Theorems-Asymptotic Behaviour

Note

The conditional q-means, µ[Wj ]q |(W1,W2,...,Wj−1), 2 ≤ j ≤ k , k ≥ 3, can be

interpreted as q-regression hyperplanes.
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Local Limit Theorems-Asymptotic Behaviour

Theorem

Let q = q(n) with q(n) → 1, as n → ∞, q(n)n = Ω(1) and ν = O(n).
Then, for n → ∞, the multivariate q-Hypergeometric distribution is ap-
proximated by a deformed multivariate standardized Gaussian distribution
as follows:

fW(w1,w2, . . . ,wk) ∼=
(

log q−1

2π(q−1 − 1)

)k/2
q
∑k

i=1 wi

σ[W1]q

∏k
j=2 σ[Wj ]q|(W1,W2,...,Wj−1)

· exp

 1− q

2 log q

( [w1]q − µ[W1]q

σ[W1]q

)2

+
k∑

j=2

(
[wj ]q − µ[Wj ]q|(W1,...,Wj−1)

σ[Wj ]q|(W1,...,Wj−1)

)2
 ,

wj ≥ 0, j = 1, 2, . . . , k , k ≥ 2.
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Local Limit Theorems-Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Discrete q-Distributions

Negative
q-Multinomial 

1st kind

q-Multinomial
1st kind q-Multinomial

2nd kind

Multiple
Heine Multiple

Euler

Negative
q-Multinomial

2nd kind

Multivariate
q-Hypergeometric

Multivariate Deformed 
Stieltjes Wigert Multivariate 

Deformed Gaussian 

Multivariate
q-Polya
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Further Study

Discussion and Further Study

Is it possible to unify the study of the asymptotic behavior of univariate
and multivariate discrete q-distributions without proving the local limit
theorems separately for each distribution?

Charalambides: “Malvina, once I finish my new book on Multivariate
Discrete q- Distributions, I would like to discuss the unification of local
limit theorems”
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